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ABSTRACT

Atmospheric flows are often decomposed into balanced (low-frequency)
and unbalanced (high-frequency) components. For a dry atmosphere, it is
known that a single mode, the potential vorticity (PV), is enough to describe
the balanced flow and determine its evolution. For a moist atmosphere with
phase changes, on the other hand, balanced—unbalanced decompositions in-
volve additional complexity. In this paper, we illustrate that additional bal-
anced modes, beyond PV, arise from the moisture. To support and motivate the
discussion, we consider balanced-unbalanced decompositions arising from a
simplified Boussinesq numerical simulation and a hemispheric-sized channel
simulation using the Weather Research and Forecasting (WRF) model. One
important role of the balanced moist modes is in the inversion principle that is
used to recover the moist balanced flow: rather than traditional PV inversion
that involves only the PV variable, it is PV-and-M inversion that is needed,
involving M variables that describe the moist balanced modes. In examples
of PV-and-M inversion, we show that one can decompose all significant atmo-
spheric variables, including total water or water vapor, into balanced (vortical
mode) and unbalanced (inertio-gravity wave) components. The moist inver-
sion, thus, extends the traditional dry PV inversion to allow for moisture and
phase changes. In addition, we illustrate that the moist balanced modes are
essentially conserved quantities of the flow, and they act qualitatively as addi-

tional PV-like modes of the system that track balanced moisture.
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1. Introduction

Meteorologically significant mid-latitude motions are principally associated with flows which
are in near geostrophic balance (rapid rotation and strong stratification). This balanced flow acts
somewhat independently of the transient high-frequency inertio-gravity and acoustic waves. Bal-
anced motion is, therefore, primarily low-frequency and synoptic in scale.

Accordingly, to discern significant and long-lasting motions, it is often beneficial to decompose
atmospheric flow into its balanced and unbalanced components. In the dry atmosphere, such a
decomposition may be carried out through the identification of the low-frequency vortical mode
of the flow to construct a single potential vorticity (PV) variable determining the evolution of the
balanced flow (Ertel 1942; Hoskins et al. 1985).! Tt is then possible to “invert” the PV variable
to diagnostically recover the balanced components of variables such as the pressure, velocity, and
temperature. In this dry atmosphere case, the inversion requires the solution of a linear elliptic
partial differential equation (PDE) with suitable boundary conditions once the PV distribution is
known.

For moist dynamics including phase changes, one may similarly ask: How can the flow field
and variables associated with moisture be decomposed into their balanced and unbalanced compo-
nents? This is the main topic of the present paper. Many important differences arise in the moist
case compared to the dry case, and phase changes create some particularly subtle effects. One
of the main objectives of the present paper is to describe these differences and subtleties, and to
illustrate them using numerical simulations.

A brief overview is as follows. To recover the balanced components of the moist flow, one first

must find the relevant low-frequency modes of the system. This is the source of one key difference

IThis may be done more easily with the assumption of small Rossby and Froude numbers, in which case the Ertel PV variable is now approxi-

mated by a corresponding quasi-geostrophic (QG) PV variable, as will be the case throughout the present paper.
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between the dry and moist cases. In the moist case, the low-frequency component can no longer
be described by a single dynamic PV variable; for a moist system, it is necessary to additionally
retain a number of dynamically significant moist variables (Smith and Stechmann 2017). Namely,
the vortical mode of dry dynamics will be augmented in the moist system with additional low-
frequency moist modes. These additional moist modes, which we call M modes or M variables,
prove vital in describing the moist balanced flow (Wetzel et al. 2019). In particular, the balanced
PV and M variables are both needed together in order to specify an invertibility principle, which
we call PV-and-M inversion, to diagnostically recover balanced components of all other dynamic
variables, including moisture. Thus, in analogy to dry dynamics, the balanced flow is obtained
from an inversion of balanced PV, although now also with additional balanced moisture compo-
nents. In practice, the inversion requires the solution of an elliptic PDE with suitable boundary
conditions and global knowledge of not only the PV variable but also M variables. In the case with
phase changes, the elliptic PDE also now has discontinuous coefficients due to phase changes.
Some prior studies have explored inversion principles to recover the balanced component of a
moist system using a single moist PV variable (e.g., Schubert et al. 2001; Marquet 2014). In such
cases, some subtleties arise and we use the present paper to discuss these issues in the context of
the more recent concept of PV-and-M inversion. In essence, moist PV variables generalize the PV
of dry dynamics — constructed using the dry-air potential temperature & — which is inadequate
to describe a moist system. Moist PV alternatives have been considered using the virtual potential
temperature 6,, the equivalent potential temperature 6,, or some other variable associated with the
moist-air entropy. While these moist PV variables have a number of desirable traits from the point
of view of moist dynamics and balanced flow, they are not sufficient to individually recover the
full moist balanced flow including moisture constituents. For example, it is observed in Schubert

et al. (2001) that, using the moist PV defined in terms of 6,, denoted here as PV,,, one can define an



86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

108

104

105

106

107

108

109

invertibility principle. However, its inversion recovers only wind and thermal variables of the flow,
but not the moisture variables. Similarly, a PV can be defined from 6, alone (e.g., Bennetts and
Hoskins 1979; Emanuel 1979), denoted here by PV,, but it fails to possess an invertibility principle
(Cao and Cho 1995; Schubert et al. 2001). In this paper we show, in fact, that PV, is not balanced
and therefore, for a moist system with phase changes, PV, inversion does not recover the balanced
component of the flow. Moreover, PV, is a suitable PV variable for PV-and-M inversion and may
be used to recover the moist balanced flow. Therefore, the lack of an invertibility principle for PV,
alone highlights the absolute necessity of the balanced M components in the inversion principle.

While some common PV variables, such as PV,, may not be balanced, we also note that they
can still be useful quantities for analyzing the atmosphere. For instance, PV, is conserved for an
unsaturated atmosphere, and it changes due to latent heating. Therefore, PV, or other similar PVs
can still be useful quantities for monitoring and diagnosing the effects of latent heating (e.g., Davis
and Emanuel 1991; Lackmann 2002; Gao et al. 2004; Brennan and Lackmann 2005; Martin 2006;
Brennan et al. 2008; Lackmann 2011; Madonna et al. 2014; Biieler and Pfahl 2017).

The paper is organized as follows. We begin with an illustration of the balanced and unbal-
anced components of moisture arising from a Boussinesq model in Section 2. In particular, we
use this model to discuss some of the key features of each component in a simplified setup. In
Section 3, we introduce the moist anelastic equations to derive evolution equations of PV and M,
discuss PV-and-M inversion with phase changes, and describe how a balanced-unbalanced decom-
position may be done in the moist system. We finish the section by highlighting the subtle fact
that, since the PV-M formulation is not unique, some PV choices — such as those found in dry
dynamics — may not be balanced for a moist system with phase changes, while others indeed
lead to equivalent formulations for PV-and-M inversion. In the remaining two sections of the pa-

per we present in more detail the key properties of the M variables by considering solutions of
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the simplified Boussinesq model and hemispheric-sized simulations using the Weather Research
and Forecasting (WRF) model. In Section 4, we discuss that the new moisture M variables hold
properties analogous to conserved quantities such as PV variables. In Section 5, we highlight key
properties of the M variables that distinguish them from thermodynamic variables arising from the

moist anelastic system.

2. Illustration of Balanced and Unbalanced Moisture

Is moisture a balanced variable, an unbalanced variable, or does it have both balanced and un-
balanced components? As an initial motivation, we present a numerical simulation that illustrates
that moisture has both balanced and unbalanced components.

We simulate a moist Boussinesq fluid with two phases of water — vapor and liquid — in a triply
periodic domain. The fluid is rapidly rotating and strongly stratified, so that the Rossby and Froude
numbers are small (both taken to be 0.1). The model is initialized using a dry turbulent state first
generated without the influence of moisture. A large-scale random forcing is then imposed, and
the simulation is run to a statistical steady state to provide a dry turbulent state. Moisture in the
initial state is then included in a simple way; at a new time ¢t = 0 a bubble of water vapor is added
to the turbulent flow at the center of the domain. The system is then allowed to evolve according
to moist Boussinesq dynamics with phase changes of water.

To decompose moisture into balanced and unbalanced components, we use a new type of PV
inversion principle, which is described in detail in Section 3 and was originally presented in Wetzel
et al. (2019). Phase changes are not necessary to show the balanced and unbalanced nature of
moisture, but we allow them here for additional realism. The Boussinesq model as given here
provides a particularly simple test-bed to showcase these features without the undo complexity of

additional moisture variables or model parameters. While it is the anelastic equations that are of
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most interest for atmospheric dynamics, we use a Boussinesq system in the present section, with
constant buoyancy frequencies, to focus on the basic concepts with this initial illustration. For
reference we include the Boussinesq equations in Appendix A.

We begin by showing the time evolution of the total water mixing ratio ¢; and its balanced and
unbalanced components in Figures 1 and 2; the “total” water ¢; is the sum of the water vapor and
liquid water. The model has been advectively non-dimensionalized so that 1 time unit corresponds
to the time scale associated with balanced motions, while a 0.1 time unit is more closely linked to
the unbalanced (or fast) motions.

Figure 1 shows the decomposition of g; into two components. The decomposition is not obtained
from time averaging but rather through a type of moist PV inversion that is described in subse-
quent sections. In particular, the balanced and unbalanced components are calculated at each time
step from the available variables at that time step, 1.e., they are calculated diagnostically. Never-
theless, while no time averaging was used in their creation, the two components appear to identify
distinctly different time evolutions that describe the slowly and rapidly evolving parts of ¢;; and
they are therefore accordingly named the balanced and unbalanced components, respectively.

Moreover, in Figures 1 and 2, it is seen that the balanced component of g; closely tracks the
broad features or large-scale structure of the initial water bubble. Beyond that, the unbalanced
component can also be seen to contribute additional details, on both the short- and long-time scale.
Therefore, the moisture is principally balanced with the unbalanced component adding significant

small-scale structure to the overall moisture variable.

3. PV inversion for a class of moist PV definitions

How can PV inversion be carried out for a moist system? It is known (see, e.g., Cao and Cho

1995; Schubert et al. 2001), that PV inversion in the traditional sense cannot be performed if the



156

157

158

159

160

161

162

163

164

165

166

167

169

170

171

172

173

174

175

176

moist PV is defined based on equivalent potential temperature, 6,. Here we will show that, in fact,
one can do a type of inversion with many definitions of PV, including a PV based on 6,. Rather
than traditional PV inversion, it is actually PV-and-M inversion, accounting for the additional
balanced components M of a moist system.

Furthermore, while we show that many PV definitions will suffice, we also show that some
common PV definitions are not balanced. In particular, the PV defined using potential temperature
0 (PVy), and the PV based on virtual potential temperature 6, (PV,) are not balanced. Therefore,
an inversion based on either of these PVs does not extract the balanced component of a moist

system with phase changes.

a. Anelastic equations with warm-rain microphysics

In this subsection, we describe the moist system that will be used throughout the paper. It is
the anelastic equations of motion for a moist atmosphere containing three moist variables: water
vapor, cloud water, and rainwater (e.g., Lipps and Hemler 1982; Grabowski and Smolarkiewicz

1996; Hernandez-Dueiias et al. 2013; Klein and Majda 2006). The system may be written in the

form
%—l—fﬁxu:—v (%)—i—ﬁb, (1a)
V- (pu) =0, (Ib)
)] (1d)
o %a% (PVrar) +Ar+C; —Er. (1e)

The variables in the system of equations are as follows: the density p; the pressure p; the velocity

u with Cartesian components (u, v, w), where u is the zonal (west-east), v is the meridional (south-
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north), and w is the vertical (down-up) velocity; the total water mixing ratio ¢;, defined as the sum

of all three moisture components, i.e.,

q: = qv+4c+4qr, (2a)

where g, 1s the water vapor mixing ratio, g, is the cloud water mixing ratio, and g, is the rainwater
mixing ratio; the equivalent potential temperature 6,, defined in linearized form? in terms of the

potential temperature 6 and water vapor g, as
6. = 60+ ¥qv, (2b)

where 7= L,/(c,M1), 1=T/0 = (p/ pO)Rd/ “»? is the Exner function for non-dimensionalized
pressure, po is the reference surface pressure, and 7 is the temperature; and the buoyancy b,

defined by the linear combination
b:g(%+8OQV_CIc_Qr)- (2¢)
In addition, the following parameters are used: the acceleration due to gravity g, the Coriolis
parameter f, the latent heat of vaporization L,, the specific heat at constant pressure for dry air ¢,
the ratio of water vapor R, and dry air R; gas constants & = R, /R; — 1, and the terminal speed
of falling rain drops Vy. Here the operator D/Dt = d/dt +u - V denotes the three-dimensional
material derivative with gradient V = (d/dx,d/dy,d/dz) and £ = Vz is the unit vector in the
vertical direction.
The thermodynamic variables p, p, 6, and moisture variables ¢;, ¢y, q., ¢, have been decom-
posed into anelastic background states, denoted by (T), and their respective anomalies. The back-

ground states are taken to be profiles of only the height z such that the density and pressure are

2Note that the linearized form of 6, is used in (2b) for simplicity, as it allows for explicit analytical expressions in the equations of PV-and-M
inversion in, e.g., (8) and (21b). More complex expressions for 6, (e.g., Emanuel 1994; Stevens 2005) could potentially be used but would lead to

more complicated formulas.
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hydrostatically balanced,

de =4r = 07 SO that 67t = an (33)

and
db, d6 _dg,
dz  dz tr dz

: (3b)

The Exner function IT and the coefficient ¥ are thus functions of z only. The anomalies, in turn,
are functions of the three-dimensional position (x,y,z) and time z. So, for example, the equiv-
alent potential temperature is decomposed into an anelastic background 8, (z) and perturbation
Oc(x,y,2,1).

The source terms in equation (le) correspond to the auto-conversion of cloud water into rain-
water A, the collection of cloud water to form rainwater C,, and the evaporation of rainwater into
water vapor E,. The source terms require microphysics modelling beyond the scope of the present
paper, but they may be considered as nonlinear functions of the three moisture phases ¢,, q., gr
and the height z; we refer the reader interested in the particulars of these source terms in the case
of the Kessler parametrization to, e.g., Kessler (1969); Grabowski and Smolarkiewicz (1996).

The moisture constituents are constrained so that cloud water ¢, is not present in unsaturated
regions and water vapor g, does not exceed its saturation value in saturated regions (Grabowski

and Smolarkiewicz 1996). Namely, the moisture variables satisfy the constraints

qv < qvs, qc=0 (unsaturated), (4a)

qv = qvs, qc >0 (saturated), (4b)

where g, 1s the saturation water vapor which, for simplicity, is assumed to be a known profile of
z. Since no constraints are applied to the rainwater (aside from g, > 0), we allow the existence of

rainwater ¢, in both unsaturated and saturated regions. Similarly, using definition (2a), we may

10
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note that constraints (4a)—(4b) may be written in the form
g —qr < qvs, gc=0 (unsaturated), (5a)

9t —dqr > qvs,  qv = qys (saturated). (5b)
Therefore, the total water g, and the rainwater g, are sufficient to determine the location of un-
saturated and saturated regions and allow us to define the indicator functions for unsaturated and

saturated regions to be

1 for g; —qr < qys
H, = and Hy=1-H,, (6)

0 forq; —qr > qys

respectively. Indeed, it follows that it is enough to know ¢; and ¢, to determine all moisture phases;

both water vapor ¢, and cloud water g, may be determined diagnostically using
qv=min(q; — qr,qvs) or qv=(qr — qr)Hy~+ qvsH;, (7a)

gc =max(0,q: —qr—qvs) ot gc = (g —qr — qvs)Hs. (7b)
Due to these moisture constraints, it is possible to write the buoyancy b purely in terms of the
dynamic variables 6,, g;, and ¢,. To accomplish this, it is convenient to consider the buoyancy in

the unsaturated and saturated regions separately. Namely, the buoyancy may be written as
b :bMHM+bSHS7 (88.)

where b, and b, are the buoyancy in the unsaturated and saturated regions, respectively. In each

region, we may use equations (2a)—(2b) and (5a)—(5b) on buoyancy (2c) to obtain

6, %
m:g<5+(%+1—%)@ﬁﬂﬂ—%) (8b)

0, 0%
bf:g<5+(%+1_%)%m—%) (8¢)

as explicit expressions for defining b, and by in terms of 6, and g;.

and

11
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b. Leading-order balance conditions

Our goal is to define the balanced and unbalanced components of the moist system, and therefore
the balance conditions must be defined. In analogy to the dry case, the QG setting of small Rossby

and Froude numbers is used, and the leading-order balance conditions are geostrophic balance,

_9(p _9(r

and hydrostatic balance,
b= a% (g) . (9b)
Further details, which are omitted here for the sake of brevity, are described by Smith and Stech-
mann (2017) and Wetzel et al. (2019). One important point to note, however, is the difference
between the dry case and the moist case: in the moist case, the buoyancy in (9b) will take a
different form in unsaturated and saturated regions, as shown in (8).
Furthermore, the buoyancy at leading order will take a simplified form. In particular, (2c) be-
comes b = g0/0 + O(Ro) for small Rossby number Ro since ¢,0(0)/L, = 0.1 is small. Thus,
explicit contributions from the moisture terms ¢,, g., and g, vanish and the buoyancy is directly

proportional to the potential temperature at leading-order:

(10)

S

I

oQ
| @

This means that, at leading-order, equations (8a)—(8c) relate the unsaturated buoyancy b, and

saturated buoyancy bs with 6, and g; as

by = % (0. —¥(qr —qr)) (11a)

D o0

and

bs: (96_’)7qu)' (llb)

D oo

12
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In terms of the buoyancy b we have

b= Z (0. — ¥ — qr)Hu — VqvsH;) (11c)

D o0

as a simplified, leading-order version of (8).

c. Definition of classes of PV and M variables

Here, we describe the potential vorticity (PV) and moisture (M) variables that characterize the
balanced components of the system. Two main points are emphasized. First, in the moist case,
the PV variable alone is not sufficient to characterize the balanced part of the system; additional
moisture (M) variables are needed. Second, many definitions of the PV variable are possible, and
we show how to construct a class of suitable PV definitions.

To describe the evolution of the balanced part of the anelastic equations (1a)—(1e), the next-to-

leading order terms are considered, and they take the form:

Dy  fd .

o =53 (pw) + O(Ro), (12a)

Dy6,  db,
Dr +Wdz = O(Ro), (12b)

Dyaq; dg; o li -
Dy TV i 592 (pVrqr) + O(Ro), (12¢)

Dugr _ 19 _

b 59 (PVrqy) + A, +Cy — E,+ O(Ro), (12d)

as Ro — 0, where Dy /Dt = d/dt + up - Vg is the horizontal material derivative, and § = (V x
u)-2 =dv/dx—du/dy is the vertical component of the relative vorticity.

The PV and M variables can be defined, based on (12), in many different ways. In principle, we
wish to define variables whose evolution equations lack a w term by taking linear combinations of
(12a)—(12d). Many different linear combinations are possible, and each leads to a different set of

PV and M variables. Next, we illustrate two such possibilities.

13



263

2

=3

4

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

281

282

As a first possibility, one could consider a PV variable PV, based on equivalent potential tem-

perature, 6,. The three conserved variables PV,, M, and M, could then be defined as

e e
PVe =0+ == = 96 s 13a
d p 9z \db,/dz (132)
M = g; + Gu6, (13b)
M, =M —q,, (13c¢)
with evolution equations
DyPV, f  duy

= —— —— V6, 14a
Dt dé,/dz 9z 1° (142)

DyM 10 ,_
—=-=—(pVrq,), 14b
DuMy _ g, A, —c,. (14¢)

Dt

where Gy = —(d§;/dz)/(d0./dz) is a ratio of background gradients and is a function of z only.
Similar types of M variables have also been considered for other moist systems (e.g., Frierson et al.
2004; Stechmann and Majda 2006; Chen and Stechmann 2016). By construction, the evolution of
these PV and M variables is not influenced by the vertical velocity w.

Note that the system (14), formed by eliminating w from (12), is decoupled from waves. Namely,
the variables PV,, M, and M, represent the evolution of the balanced moist flow or the slow dynam-
ics of the moist anelastic system. Indeed, the PV and M variables are balanced in the sense that
they are all zero-frequency eigenmodes; i.e., if the system (14a)—(14c¢) is linearized about a resting
base state with ug = 0, and neglecting V7 and microphysical source terms, the three eigenvalues
are all equal to zero.

As a second possibility (among many) for defining PV and M variables, one could define a PV
variable PV, based on the unsaturated buoyancy variable, b,. To do this, rather than using (12b)-

(12c), we may consider the linear combinations which gives rise to the unsaturated and saturated

14
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buoyancies (11a)—(11b) and lead to the evolution equations

and

where

DHbu 2
N —_ —= Ar C,-—Er
DHbs 2
Nw=0
Dt A ’
gd~ 2 gdée
N>=3=—" and N>=%
"= fd Y0 dz

(15a)

(15b)

(15¢)

are the unsaturated and saturated buoyancy frequencies, respectively. Bouyancy frequencies Nf

and st are the simplified forms that arise in the small Rossby limit; for more general forms, we

refer the reader to, e.g., Emanuel (1994); Smith and Stechmann (2017); Durran and Klemp (1982).

Then, (15a)—(15b) may be combined with (12a), (12d) to obtain the conserved variables

with evolution equations

DHPVM o f é?uH

Dt

s fO(D
PV“‘“ﬁaz( b)’

N_f u
by by,
M=Ne N
S u
1 gy

Mq :Mb—’_N_’%Eqr?

= L7 . Vyb,
N2 oz VA
fo ( 1 gy >
"‘T_ 1 = Ar+Cr_Er 9
p dz pr% 9( )
DHMb:Lg(Er—Ar—Cr),
Dt N2 0

DpM, 1 g71d

DI N2Gpoz (PVrar).

(16a)

(16b)

(16¢)

(17a)

(17b)

(17¢)

This set of variables PV,,, M}, and M, provides another characterization of the balanced component

of the system, in addition to the example of PV,, M, and M, described in (13).

15
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Many other definitions of PV and M variables are possible. Broadly speaking, any linear combi-
nation of the equivalent potential temperature (12b) and total water (12c) may be used to eliminate
the w term 1n the relative vorticity equation (12a). This class of linear combinations defines a class
of PV variables. Similarly, a class of M variables is defined by the linear combinations of M in

(13b), M, in (13c), and gy;.

d. PV-and-M inversion

We now describe how knowledge of PV,, M, and M, may be used to recover the balanced
streamfunction y. In the dry case, this process is called PV inversion, and only the PV variable is
needed. In the moist case, in contrast, the moist M variables are also needed, and we therefore use
the term PV-and-M inversion. The balanced streamfunction y and the PV-M variables may then
be used to determine the balanced components of all flow variables; the special case of recovering
the balanced moisture is discussed in Appendix B.

From the balance conditions described in Section 3b, one can see that a streamfunction Y can
be defined in terms of the pressure as ¥ = p/(fp), and the balance conditions can be written in

terms of y as

([ dy dy
ug = <_8_y’§) (18a)
and
b= 2V (18b)
dz

These balance conditions are essentially the same for a dry or moist system, aside from the impor-

tant difference that buoyancy b can change form due to phase changes of water.

16
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To define an elliptic PDE for PV-and-M inversion, the starting point is the definition of PV,,

from (13a), which we rewrite here again for convenience:

eSO (P
PV, =+ X (dée/dzee) . (19)

This PV, definition can then be turned into an elliptic PDE by writing { and 6, in terms of the vari-
ables w, M, M,, and z. First, the relative vorticity ¢ is directly related to only the streamfunction
via

C=Viy. (20)
Second, the equivalent potential temperature 6, may be written in terms of y, M, M,, and z by

solving for 6, in equation (11c) and using the buoyancy equations (11c), (18b), and the definitions

(13b)—(13c). That is, we may use (13b)—(13c) on (11c) to obtain

b==2(6,—7(M.—Gub.) H, — TqusH) . (21a)

D o0

Next, using the fact that b = g6/ 0 as (10) and solving for 6, we obtain

1
- 0, =— (6 +¥M,)H
db./dz =~ dB/dz 21b)
~ 0 + Yq.s) H
+d96/dz( + ¥4qus)
Lastly, inserting (20) and (21b) into the definition of PV, in (13a), we arrive at
19 (_f* (0
Viy+ o (pf— ( vy gyMr) H,
p dz 16
2 (0w g7 -
+p +—= Hg | = PV,
PNz < s’ ) )

which is an elliptic PDE for y.
For some intuition on the derivation of (22), note that the basic principle was simply a trans-
formation between different thermodynamic variables. Specifically, (21) was used to write 6, in

terms of dy/dz, M, M,, z, and these four variables were chosen because they define the balanced
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component of the thermodynamic part of the system. To see this, note that dy/dz is the balanced
part of 8, and M and M, are themselves balanced variables, and z plays the role of pressure for an
anelastic system (e.g., Pauluis 2008) since p = j(z). Hence dy/dz, M, M,, 7 can be viewed as the
balanced component of 6, M, M,, p, which are a different set of four thermodynamic variables,
other than the original four 6,, ¢;, g, p that were used to formulate the anelastic system originally
in (1).

The inversion PDE (22) could be considered either to be linear or nonlinear (as a function of
the streamfunction y), depending on assumptions. In a purely balanced setting, as for the QG
equations (Smith and Stechmann 2017), the inversion PDE (22) is nonlinear in the streamfunction
. This is because the Heaviside functions, H,, and H;, depend on the total water g;, which itself
is a function of the streamfunction y (and M,). On the other hand, in a mixed setting with both
balanced and unbalanced components present, the inversion PDE (22) could be treated as being
linear in the streamfunction y. In this case, the Heaviside functions, H, and Hy, are taken to
be known functions that are given by the available data. In this sense, the given information
includes the PV and M variables, the boundary conditions, and the phase interface locations, i.e.,
the Heaviside functions H,, and H. This will be the scenario used in the present paper, since the
aim is to analyze data of atmospheric dynamics, including not only balanced but also unbalanced

components.

e. Equivalence of many different PV-and-M inversions

Many different choices of PV-M variables are suitable to recover the balanced flow of the system.
That is, though different versions of PV-M variables may be constructed, they will all recover the

same balanced streamfunction, so long as they are derived by eliminating w from the system (12).
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As an example for illustration, we show the equivalence between two different PV-and-M inver-
sions: the PV-and-M inversion using PV, in system (13), and the PV-and-M inversion using PV,
in system (16). The inversion for PV, was derived earlier in (22), and the inversion for PV, can
be derived as follows. The starting point is the PV, definition in (16a). To turn this PV, definition
into an elliptic PDE for the streamfunction, we first write b, in terms of b, M;,, M, by using (16b)

on (8a). This gives the equation

1 1
—b, = —bH, —b—M, | H. 23

Then, substituting (20), (23), and (18b) into (16a), we arrive at the inversion principle involving

PV,:

(24)
+p (f_zc?_w —be) Hs> =PV,.
N2 0z
This defines a second variant of PV-and-M inversion, in addition to the earlier case involving PV,
in (22).

The equivalence of the two PV-and-M inversions (22) and (24) is due to the fact that they re-
cover the same streamfunction when identical boundary conditions are used. To show this, we
take the difference between the inversion (22) for streamfunction Y, and the inversion (24) for
streamfunction y;,. The result is

A (Ye — Yu) =0, (25a)

where the differential operator .o is defined as

19 /.2 a9 _f* 0

_ w2
4=Vt dz ' N% 0z

; (25b)

see Appendix C for details on the derivation of (25). Equation (25) is a PDE for the difference

Y, — y, of the streamfunctions. Note that the PDE (25) is homogeneous (i.e., the right-hand side
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is zero), and the boundary conditions for the difference y, — y,, are also homogeneous (i.e., zero).
Therefore, the solution to (25) is Y, — y,, = 0, so the streamfunctions must equal each other over
that domain: y, = y,. Therefore, the PV-and-M inversions in (22) and (24) recover identical
streamfunctions.

Indeed, any PV and M variables of the class obtained from linear combinations of (12) to remove
the w terms will lead to PV-and-M inversions which recover the balanced streamfunction. This
may be principally understood by the fact that these PV-M variables will have no background state

and, therefore, their evolution is not directly affected by fast waves.

f. Some common PVs are not balanced

Interestingly, not all choices of PV will lead to an inversion principle that recovers the balanced
streamfunction.
We illustrate this point by considering the PV defined in terms of virtual potential temperature

0,. We define this PV variable as

L fo (P
PV, ={+ 53 (Wb> (26)

using b, since, in the small Froude- and Rossby-number limit, the virtual potential temperature 6,
is proportional to the potential temperature 0 or the buoyancy b. The variable PV, is a linearized
version of the moist PV used by Schubert et al. (2001) and is a natural PV to consider in a moist

system. An inversion principle directly follows from inserting { = V4w and b = fdy/dz into

(26), which leads to

2y L9 (5120w _
Vvt o (P g, ) =PV 27)

This elliptic PDE has a particularly concise form, as it does not depend on any of the moist M

variables.
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To see that inversion with PV,, does not recover the balanced streamfunction, we compare the
solution Y, from PV, inversion (27) and the solution y, from PV-and-M inversion using PV, in

(22). To compare, we take the difference between the two corresponding PDEs to obtain

10 2o\ e B
ZLWVW,—y)=——|p|5—5)=2(06—-06")H, |, 28
where 65 is the balanced component of the potential temperature arising from the streamfunction

as 08 = (f0/g)dy./dz and the linear operator . is defined as

2
"?:V%ﬁ%%ﬁzf@%; (28b)
see Appendix D for details on the derivation of (28). Since the PDE in (28) is non-homogeneous
(i.e., the right-hand side is nonzero), the streamfunction y, obtained from (22) will be different
from the solution y;, of (27), even if the two inversions use identical boundary conditions. Since the
right-hand side may become nearly zero in the upper troposphere where the buoyancy frequencies
Nf and st are nearly equal, one would expect the most pronounced differences to be seen in
the lower and middle troposphere. Also note that the key differences arising in the right-hand
side are due to unbalanced potential temperature, 8 — 65, in saturated regions, where H; = 1. In
other words, phase changes of water are the source of the discrepancy between the PV,-derived
streamfunction y;, and the balanced streamfunction y,.

Why does inversion with PV, not recover the balanced streamfunction? It is because, for a
system with phase changes, PV, itself is not balanced. To see this, consider the evolution equation

for PV,. We may obtain this evolution equation by formally differentiating (26) by the horizontal

material derivative Dy /Dt, and using the fact that the buoyancy b is given by (8a) and the evolution
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equations for b, and by are (15a) and (15b), respectively. The result is

DuPV, _ ;i P (le _st) wH,
Dt p Iz \ N2 29)
P ey _
+N3 z (A, +C Er)Hu) :

Notice the term on the right-hand side that involves wHs; it is active in saturated regions, and
it arises from cloud latent heating. Broadly speaking, because of this w term on the right-hand
side, PV, is coupled with waves. Indeed, from a more thorough calculation using a suitable non-
dimensionalization and distinguished asymptotic limit, one can see that this w term is O(Ro™!)
for small Rossby numbers, which corresponds to fast wave oscillations, so PV, is not balanced.
As an illustration of the unbalanced evolution of PV,,, we return the simulations described in Sec-
tion 2. Figure 3a and b show PV, (x,y,z,t) and PV, (x,y,z,t), respectively, for timest = 1.0,1.1,1.2;
recall that a 0.1 time increment is associated with the fast time scale. The data is shown along the
vertical line with constant x =y = 7, so the PV, is shown along a line through the 3D domain.
Over part of the domain, the three curves are nearly overlapping, indicating balanced evolution,
1.e., limited evolution over the fast time scale. In the portion of the domain that may be saturated
(roughly for heights 1 < z < 3), however, the PV, values change substantially from one time to
another, indicating unbalanced evolution at these heights. Such behavior is consistent with the PV,
evolution equation shown in (29), which also indicates that PV, will be influenced by fast waves
(the w factor) in regions that are saturated (where the Hy factor is nonzero). Similar plots for PV,
in Figure 3a corroborate the PV, evolution equation (19): PV, is not influenced by waves, and it
therefore has an evolution that is balanced (i.e., evolving on the slow time scale). As a statistical
measure of the variability, the standard deviation of the PV, and PV, fluctuations are shown in
Figure 3c. The PV, variable has an enhanced standard deviation compared with PV,, an indication

of the unbalanced evolution of PV, in saturated regions.
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In summary, PV based on 0, can be used to recover a streamfunction, but it is not the balanced
streamfunction, for a system with phase changes. This is because 6, and 6 are not conserved
variables, since they are influenced by latent heating, and the corresponding PV variables are

therefore not balanced.

4. M variables are PV-like: conserved tracers

To illustrate two of the ways that the M variables are similar to PV, we use numerical simulations.
First, we illustrate that the M variables evolve on a slow time scale. To do so, we return to the
idealized simulations of Section 2, and we plot the evolution of M at times ¢ = 0, 0.1, and 0.2;
see Figure 4. The variable M shows essentially no changes over this fast time scale, since it is a
balanced or slowly evolving variable, like PV.

Second, to illustrate the fact that M variables are approximately conserved, we roughly track a
parcel in a simplified simulation of mid-latitude flow. The simulation is done using the Weather
Research and Forecast (WRF; Skamarock et al. 2008) model version 3.7.1. The setup of the sim-
ulation is that used in Wetzel et al. (2019), so we will only briefly describe it here. The simulation
consists of a hemispheric sized channel on a B-plane. The dimensions of the channel are 12,000
km in the East-West direction, 8,000 km in the South-North direction, and 16 km in the Down-
Up direction with a horizontal resolution of 25 km and a vertical resolution of approximately 250
meters. For boundary conditions, we choose periodicity in the x (East-West) direction and spec-
ified, or rigid, in the south and north boundaries such that a temperature and moisture gradient
exists from south to north. The Kessler (1969) microphysics scheme is used, which contains warm
moisture constituents of rainwater, cloud water, and water vapor. We use no short- or long-wave

radiation, no surface or boundary layer physics, and no cumulus parameterization schemes.
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In Figure 5, we show snapshots of the quantities M,, PV,, and moisture g; over a timespan of
1 day in the channel simulation. In particular, we show day 91 and day 92 after the start of the
simulation, where equilibration of the turbulent flow is achieved at roughly 30 days after the start
of the simulation. We immediately note that the PV and M variables PV, and M, share broad bulk
features. Namely, both variables contain roughly uniform regions, where PV, takes a value of
roughly 2 to 4 s~! uniformly over a large northern region and —2 to —4 s~ ! uniformly over a large
south region; and M, takes a value of roughly —25 to —35 g/kg uniformly over a large northern
region and 35 to 45 g/kg uniformly over a large southern region. The two uniform regions are
separated by a transition zone or sharp gradient aligned with the zonal jet in the balanced flow.
Moreover, each variable appears to mostly advect its features about the flow; note, in particular, the
M, eddies that are advected on the north side of the jet, for example, at (x,y) ~ (4500 km, 7000 km)
on day 91.

The g; variable, on the other hand, while it shares in the presence of a transition region, contains
large concentrations of moisture which do not appear to be simply advected by the flow, but are
rather combined and disseminated. To test this fact more carefully, we approximately track the
variables M,, PV,, and g; on a parcel denoted by a red circle in Figure 5. The parcel is taken from
a starting location at 91 days and then allowed to freely advect using the balanced flow at days
91 and 91.5 until day 92. At each snapshot, we average the variable values over a square box of
dimensions 50 km x50 km centered at the parcel location shown. The results of following this
parcel, which have been normalized by the largest value that the box takes over the timespan, are
shown in Figure 6. We note that over this one day, the conserved variables of PV,, M, change
about 15% from their maximum value, while the g; variable undergoes a drop off of over 40% as
we follow this parcel. This indicates that the variables PV, and M, remain approximately constant

over the evolution of the parcel than the variable g;, even in a region with significant moisture.
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This reaffirms our understanding that the PV and M variables act as conserved quantities of the

flow (at least approximately, given the influence of microphysical source terms, etc.).

5. Distinguishing characteristics of M variables

The M variables have a number of defining characteristics that differentiate them from other
thermodynamic variables.

First, by construction, the M variables have no background states. That is, they are merely
defined as arising from anomalies — see, for example, (13b)—(13c) — and therefore have no
obvious reference state. Indeed, the fact that the M variables do not have a background state can
be immediately surmised from the lack of a w term, multiplied by the gradient of the respective
background state, in their evolution equations; see, for example, (14b)—(14c) and compare these
to the evolution equations for other thermodynamics variables (12b)—(12c).

Second, due to the lack of w terms in their evolution equations, the M variables are not coupled
to (inertio-gravity) waves. Therefore, the M variables are balanced variables.

Third, the M variables may resemble the variables ¢;, g; — g, or 0, at certain altitudes depending
on the relative weakness of the background state gradients associated with the thermodynamic
variables. For example, the M variable M,, defined in (13c), weights the two variables g; — g,
and 6, using the background gradient ratio Gyy = —(d§,/dz)/(d0./dz). In the atmosphere, we
expect the moisture variable g, to have a small background gradient state dg, /dz at high altitudes
and a large background gradient at low altitudes due to the large concentration of moisture near
the surface and scarcity of moisture from mid to high altitudes. Similarly, the equivalent potential
temperature 0, is expected to have a smaller background gradient state d6, /dz at lower altitudes
in midlatitudes. Therefore, M, ~ G0, at low altitudes and M, ~ q: — qr at higher altitudes for a

common atmospheric setup. Indeed, we observe just such a situation in our mid-latitude channel
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simulation; see Figure 7. Note that Figure 7 shows that M, resembles G0, at the 2 km height,
where Gy ~ 1.1 (g/kg)/K at this height, while M, resembles g; — g, at the 8 km height, with
Gy ~ 5 x 1073 (g/kg)/K at this height.

Fourth, the M variables are associated with an additional component of the total energy (Marsico
et al. 2019). Beyond the buoyant potential energy, a moist latent energy is also present, and it
could be written in the form H,M?. In the Boussinesq case, it corresponds to our presentation of
M = g; + Gy 6,. In the anelastic case, on the other hand, the energetics suggest a definition of an

M variable as

el ot 7 / deb ot 7o /1/2
Moy = | [ 0 =Bu)ad = [ @ =Bz | (30)
z

Inb,u Zinb,s

where the integral is a type of “partial integration” where b’ and b\ are held fixed. (Menergy Was

called M ,c145:ic by Marsico et al. (2019).) Here the background states are defined as
Bul2) = /O N2()de, (31a)
by(z) = /OZNSZ(Z’)dz’. (31b)
and the “total” variables are defined as
b = b, (z) + by, (32a)
b = by(2) + by (32b)

The bounds of integration in (30) include z;,5, and z;,;, ¢, Which correspond to levels of neutral

buoyancy (LNB), with respect to N, and Nj, respectively, and are defined as the solutions to

bu(zinbu) =Y, by(zinpu) = b, (33)

with 5™ and b'** taken to be fixed values. The other bound of integration, z;., is similar to a lifted

condensation level (LCL), as it is defined as the solution of
bLOt - quOt = Bu (Zlcl) - Es (Zlcl)a (34)
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with b'" and b'°' again taken to be fixed values.

Our final comments on M variables will be with regard to the energetically motivated definition
of Mepergy in (30). The Mepergy variable in (30) is a material invariant, not only in the limit of small
Froude and Rossby numbers like M,, but also in general for any Froude and Rossby numbers.

Hence, Meyergy 1s like Ertel PV. It obeys

2 Monergy =0, 35)
where the full material derivative D/Dr is used, in contrast to the horizontal material derivative
that comes in the small Froude and Rossby case for M, advection in (14c).> To see this material
invariant property of Mepergy, note from (30)—(34) that Meperey is a function of b and b alone
(since zjer, Zinpu» and zj,p, are themselves also functions of b* and b alone), and b!** and by
are themselves material invariants, from (15), or from the more complete description (not shown)
based on (8), in the case that warm-rain microphysical source terms are neglected.

Finally, we consider a possible answer to the question: What is M? What is a physically intuitive
viewpoint of M (beyond earlier descriptions of M as, e.g., the thermodynamic quantity which is a
material invariant and which has zero vertical background gradient)? The energy-based M,yergy in
(30) offers some possible intuition: Mepergy 1s like convective available potential energy (CAPE;
Moncrieff and Miller 1976; Emanuel 1994; Herndndez-Duefias et al. 2019). In particular, it is
defined as a vertical integral of buoyancy, from a parcel’s lifted condensation level to its level of
neutral buoyancy (albeit with some added complexity here with two buoyancies, 5! and b'*', two
LCLs, etc.). In the present paper, we instead used M, as a typical M variable because it offers

a simpler definition mathematically as a linear combination of ¢; and 6,, and simpler formulas

and derivations of PV-and-M inversion, etc. Nevertheless, it would be interesting in the future

3Note that these statements about material invariants are neglecting warm rain microphysical source terms, although not neglecting phase

changes between water vapor and cloud water.
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to explore the quantity M,y for its potentially valuable physical interpretation as a CAPE-like

quantity.

6. Discussion and conclusions

In the present paper, we investigated the decomposition of mid-latitude moist flows into balanced
and unbalanced components. This decomposition was accomplished using a recently introduced
inversion principle, called PV-and-M inversion, to diagnostically recover the moist balanced flow
of the system (Smith and Stechmann 2017; Wetzel et al. 2019). PV-and-M inversion is a moist gen-
eralization of dry-air inversion principles. In an absolutely dry atmosphere, only a single variable,
PV, is sufficient to recover the balanced flow. In moist flows, however, additional balanced modes
not present in absolutely dry dynamics become dynamically significant and need to be retained to
successfully describe the evolution of the balanced flow. Namely, the addition of moisture leads
to significant additional balanced modes. The balanced flow of a moist system is then no longer
one-dimensional but multi-dimensional, i.e., it contains both PV and M modes.

Several subtle points of moist PV inversion have been pointed out in previous studies, and here
we discussed some of these points from the perspective of PV-and-M inversion. For instance, it has
been pointed out that traditional PV inversion cannot be carried out using the potential vorticity
PV, that is based on 6, (unless saturated conditions are assumed; see, e.g., Cao and Cho 1995;
Schubert et al. 2001). Here, we described how this issue can be remedied by the inclusion of
the moist balanced modes to the inversion principle, i.e., by using PV-and-M inversion. Namely,
inversion principles using PV, may be constructed once the moist M modes are included, and PV-
and-M inversion may then be used to recover all relevant balanced variables. Indeed, we find that
PV-and-M inversion may be equivalently carried out using different families of PV variables. As

a second subtle point, we showed that it is possible for a PV variable to have a traditional PV
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inversion principle, even though the PV variable is not balanced; in this case, the PV inversion
can be carried out, but it does not recover the balanced flow. For example, due to phase changes,
the PV, variable — derived using the virtual potential temperature — is coupled with waves and
therefore is not balanced. This makes an inversion principle using PV, unsuitable to recover the
balanced component of the flow.

Another purpose of this paper was to explore the properties of the M modes. The M modes
themselves qualitatively behave as traditional PV variables in that they are material invariants or,
equivalently, they are tracers advected by the flow. As they are uncoupled from waves, the M
modes have a zero vertical background gradient. Indeed, we find that the M variables closely
track thermodynamic variables at different altitudes depending on the background gradient. For
example, in the case of M,, we find that M, ~ Guy6, at a2 km height, while M, ~ ¢, — g, at 10
km where the background gradient of moisture is negligible. Namely, the M mode M, closely
resembles the equivalent temperature at low altitudes, where Gy, 0, is approximately a conserved
variable, and resembles the total moisture at higher altitudes, where the moisture is approximately
a conserved variable.* Lastly, a conceptually useful physical interpretation of the M modes is that
they are related to convective available potential energy; an additional component of total energy
arising from the presence of moisture. A deeper exploration of the connection between M modes

with energy is, however, left to a future paper.
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“In all cases we use warm-rain (Kessler) microphysics, as a simple version of microphysics, but other more comprehensive microphysics could

also be used in order to account for more realistic hydrometeors.
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APPENDIX A

Boussinesq equations

The system of equations used in the numerical simulation discussed in Section 2 are as fol-
lows. The Boussinesq equations with Coriolis terms for a moist atmosphere with two moisture

constituents are

D
F?-i—fﬁxu:—v (p%)—f—ﬁb, (AD)
V- -u=0, (A2)
D6,  db,
_ A
o o =0 (A3)
Dq; dgy
Dq: ,  da: _ A4
D Wag =Y (B4)

where pg is a constant reference density. All other variables names are the same as those used in the
anelastic system of Section 3. The Boussinesq equations constitute a special case of the anelastic
equations of Section 3 under the assumption of constant reference density. It is also assumed
here that water is in the form of two types—water vapor and cloud water—without rainwater
and associated microphysical processes. Such a non-precipitating setup is a simple case that still

includes moisture and phase changes.

APPENDIX B

Balanced component of moisture

The balanced component of total water ¢; is directly determined by the balanced variables v,
PV,, M, and/or M,. A formula for the balanced moisture ¢gZ can be found as follows; the superscript
B will denote balanced components. Equation (13b) can be understood in terms of only balanced

components to solve for g®. Namely, using the balanced M and 62 variables, the balanced ¢ is
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s given by

q® =M — G658 (B1)
v Therefore, it remains to deduce how the balanced 6, depends on the balanced PV-M variables. To

s do this, we may readily use equation (21b). That is,

N} ~ N
0F = N (6% +¥M,) H,+ (6° + 7gus) H, (B2)

= in terms of the balanced temperature 8% and balanced M,. We note that the balanced temperature
= 0P may be determined using the streamfunction using (10) and (18b) to obtain g6% /0 = fdw/dz.
s Then, the balanced moisture is
B = (NF B B
g =M—Gy (m (6% +7M,) Hy+ (6° + Vqus) Hs), (B3)
u

«2 1n terms of balanced 6, M, and M,. All other variables in the equation, except for the known
«s indicator functions H, and Hj, depend only on the vertical height z and are therefore prescribed

«« from the background state of the system.

o0 APPENDIX C
606 Difference between PV, and PV, inversions

«7  The difference between the inversion principle (22) for PV, and (24) for PV, assuming that the

s unsaturated and saturated regions are the same from each inversion, gives

(Y, —y,) =PV, — PV,

3 3 Cl)
19 (_f gy _f? ey - > (
—_ ——~MrHu NP3 vsHs M HS )
p oz <pN3f9 TPz gt PIMs

oo Where the operator <7 is defined by (25b). The right-hand side, however, may seen to be identically

s zero. From definition (13a) for PV, and (16a) for PV, we find

o () 5o ()
PV,—PV,="= | 0, ) — %= b, ). C2
p dz \d6,/d: p dz \ N2 (2
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Now, note that equation (16b) and (10) may be used in each phase to deduce the formula

by

N—’%:

1

~—9€ - 3 %u
d6,/dz ¢ N2 ' db/dz

- 1 6 1 6
(6+YQVS)HS_]73g5Hu+(M N2g9>H

1
+ —
db,/dz

1 6
N24§

1

=H,

u_(Mb_

1

n28

—— (0 +7M,)H,

Q)H
0

Combining this with (21b) makes the right-hand side of (C2) become

(C3)

(C4)

Using the definition of the background frequency (15c¢) and the fact that the same 0 is used in each

inversion, we are able to simply show that the right-hand side of (C1) is identically zero.

APPENDIX D

Difference between PV, and PV, inversions

The difference between the inversion principle (22) for PV, and (27) for PV, gives

2 2\, v
g(‘l/e—'l’v)"‘lga_z (P (m —2> Hsa—z
1 a f2 f2

=PV,— PV, — — ~—M,H,
p oz (p T < TN

N2 > qvs

)

).

(DD)

where .Z is defined in (28b). Now, using the definition of PV, in (19), PV, in (26), and (10) we

obtain

_fa
" poz
1d
~ poz

We may then use the definitions (2b) and (13b) to simplify this expression to
10
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(Ve — ) 50: (p (

(C3

_f9
- poz

gp 6.
N2 §

(o7 (e

p

N

32

0

f2
N?

f2

R

)5n).

)

IVe
saz

vy,

0z

)

)

(D2)

(D3)



621

622

623

624

625

626

627

628

629

630

631

632

633

634

635

636

637

638

639

6

=

0

: : B . :
Lastly, defining the variable aa—l’f as the balanced temperature, g% =f aa—"f, gives the desired result

(28).
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Balanced g; Unbalanced g,

702 F1G. 1. Evolution of total water ¢g; (left column) and its balanced and unbalanced components (middle and

7

o

s right columns, respectively) over a “short” time. Snapshots are shown at three times: Top row ¢ = 0, middle row
7¢ t = 0.1, and bottom row ¢ = 0.2. A slice is shown of each of the 3D variables; e.g., ¢,(7,y,z) is plotted with
75 x = 7 held fixed.
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Balanced q;

706 FI1G. 2. Same as Figure 1, except the evolution is shown over a “long” time. Snapshots are shown at three

707 times: Top row ¢t = 0, middle row ¢ = 2, and bottom row ¢ = 4.
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F1G. 3. Illustration of the unbalanced evolution of PV,, the PV variable that is based on virtual potential
temperature, 0,, and the balanced evolution of PV,, the PV variable that is based on equivalent potential tem-
perature, 6,. (a) Three snapshots of PV,(m,x,z,t), which has been evaluated at x = y = 7 and shown for three
times: t = 1.0,1.1, and 1.2. (b) Same as (a), except for PV,. The gray rectangle indicates the region of the
moisture bubble and hence the locations that are most likely to be saturated (H; = 1). (c¢) Standard deviation of
PV, (dashed) and PV, (solid), where the standard devi%tigon is defined at each spatial location based on the time

series of 80 data points between times r = 1.0 and 1.2.



FIG. 4. Same as Figure 1, except for the balanced and slowly evolving variable M.
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M, at 4 km; v overlay; 91.0days M, at 4 km; 1 overlay; 92.0days
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715 FIG. 5. Snapshots of M variable M,, PV variable PV,, and moisture variable ¢, with balanced streamfunction

7e overlay at 4 km height between 91 and 92 days; solid lines denote positive streamfunction, while dashed ones

77 denote negative streamfunction. Advected parcel represented by red circle.
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